A NOTE ON THE FRONT SPINNING CONSTRUCTION 



ROMAN GOLOVKO 

Abstract. In this paper we introduce a notion of front ^'''-spinning for Legendrian submanifolds 
of R 2n+1 . It generalizes the notion of front ^-spinning which was invented by Ekholm, Etnyre and 
Sullivan in [9 |. We use it to prove that there are infinitely many pairs of exact Lagrangian cobordant 
and not pairwise Legendrian isotopic Legendrian S 1 x S' Ll x • • • x S lk in M 2 ^j= 1 which 
have the same classical invariants if one of ij's is odd. 



1. Introduction and main results 

Basic definitions. Standard contact (2n+l) -dimensional space is Euclidean space R 2n,+1 equipped 
with the completely non-integrable field of hyperplanes £ = ker a, where a is the contact 1-form 
a = dz — Ym=i Uid-Xi in Euclidean coordinates (x%, y%, . . . , x n , y n , z). The Reeb vector field R a 
which corresponds to a = dz — Yl7=i Uid x i is given by R a = J^. An immersion of an n-manifold 
into R 2n+1 is Legendrian if it is everywhere tangent to the hyperplane field £, and the image of a 
Legendrian embedding is a Legendrian submanifold. The Reeb chords of a Legendrian submani- 
fold A are segments of flow lines of R a starting and ending at points of A. The symplectization of 
R 2n+1 is the exact symplectic manifold (R x M 2n+1 , d(e t a)), where t is a coordinate on WL There 
are two natural projections 



U F (x 1 ,yi, . . .,x n ,y n ,z) = (x 1 , ...,x n ,z) and 
n L (xi,yi, . . . ,x n ,y n , z) = . . . ,x n ,y n ) 

that we call the front projection and the Lagrangian projections, respectively. The Lagrangian 
projection Il£,(A) of a Legendrian submanifold A is an exact Lagrangian immersion into IR 2n . Note 
that in the generic situation, i.e. for A in an open dense subset of all Legendrian submanifolds with 
C°° topology, the self-intersection of n i (A) consists of a finite number of transverse double points. 
These points correspond to all Reeb chords of A. A Legendrian submanifold is called chord generic 
if it has a finite number of Reeb chords. From now on we assume that all Legendrian submanifolds 
of ]R 2n+1 are connected and chord generic. 

Classical and non-classical invariants of Legendrian submanifolds. There are two classical 
invariants of a closed, orientable Legendrian submanifold A C R 2n+1 , namely the Thurston- 
Bennequin invariant (number) and the rotation class. 
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The Thurston-Bennequin invariant was originally defined by Bennequin, see [0, and indepen- 
dently by Thurston for Legendrian knots in R 3 , and then was generalized to higher dimensions 
by Tabachnikov lfT9l . The Thurston-Bennequin number tb(A) of a closed, oriented Legendrian 
A C M 2n+1 is the linking number lk(A, A'), where A' is an oriented submanifold obtained from A 
by a small shift in the direction of R a . 

The rotation class r(A) was defined by Ekholm, Etnyre and Sullivan for all n > 1 in BH and 
is equal to the homotopy class of (/, dfc) in the space of complex fiberwise isomorphisms TA <g) 
C — > £, where / : A — > R 2n+1 is an embedding of A. Note that if A = S n and n is odd, then 
r(A) E ir n (U(n)) ~ Z and we call r(A) the rotation number. 

Legendrian contact homology is a non-classical invariant of a closed, orientable Legendrian 
submanifold of M 2n+1 . It was constructed in [5 ] for the case when n = 1 and in IfTOl for all n > 1. 
The Legendrian contact homology of a closed, orientable Legendrian submanifold A with the finite 
set of Reeb chords C A is the homology of the noncommutative differential graded algebra (A\, d A ) 
over Z 2 freely generated by the elements of C\ and is denoted by LCH*(A). The differential <9a 
counts holomorphic curves in the symplectisation of M 2n+1 whose domains are disks with points 
removed on the boundary. At these points, the holomorphic curve has one positive asymptotic and 
several negative asymptotics. For more details we refer to IfTOl . 

Note that (Aa, d A ) and even its homology may be infinite dimensional and hence it is difficult 
to use it for practical applications. One of the ways to extract useful information from (A\, d\) 
is to follow Chekanov's method of linearization. An augmentation e is an algebra homomorphism 
from (A A , <9a) to (Z 2 , 0) which satisfies e(l) = 1 and e o <9a = and allows us to linearize the 
differential graded algebra to a finite dimensional complex LC £ := (^a,^ A ) with homology 
groups LCH^(A). Here A A is the vector space over Z 2 generated by the elements of Ca- We let 
LCH*(A) be the homology of the dual complex LC e (A) := Hom{LC e (A),Z 2 ). The linearized 
homology (cohomology) groups may depend on the choice of e. However, the set of graded groups 
{LCHl(A)} ({LCH*(A)}), where e is any augmentation of (.4a, ^a), provides a Legendrian 
isotopy invariant, see 0. 

In BH, Ekholm, Etnyre and Sullivan used Legendrian contact homology to prove that for any 
n > 1 there is an infinite family of Legendrian embeddings of the n-sphere into M 2n+1 that are 
not Legendrian isotopic even though they have the same classical invariants. They also prove 
similar results for Legendrian surfaces and n-tori, see [HI. These results indicate that the theory of 
Legendrian submanifolds of standard contact (2n + l)-space is very rich. 

Main results. Observe that the family of n-tori from [9] is constructed using the front ^-spinning, 
which is a procedure to produce a closed, orientable Legendrian submanifold S s iA C M 2n+3 from 
a closed, orientable Legendrian submanifold A C M 2n+1 . In Section [2] we introduce a notion of 
front ^"-spinning. It generalizes the ^-spinning construction and produces a closed, orientable 
Legendrian submanifold S S ™A C M 2 ( n+m ) +1 from a closed, orientable Legendrian submanifold 
A C M 2n+1 . We have to mention that the special case of the "higher dimensional spinning" con- 
struction has already appeared in the work of Ekholm, Etnyre and Sabloff, see (S). In Section[3]we 
investigate the behavior of the front S m - spinning under the relation of an embedded Lagrangian 
cobordism. 
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Observe that a closed, orientable Legendrian submanifold A C M 2n+1 gives rise to an exact 
Lagrangian cylinder (7(A) = 1 x A c (R x R 2n+1 , d{e t a)). 

Definition 1.1. A Lagrangian (an exact Lagrangian) cobordism L between two closed, orientable 
Legendrian submanifolds A_, A + C M 2n+1 is an embedded Lagrangian (exact Lagrangian) sub- 
manifold in the symplectization of R 2n+1 so that L agrees with C(A_) for t < —T L , with C(A + ) 
for t > T L , L c := LU T i -i,T Zj +i]x:i 2n + 1 is compact for some T L 3> and we write A_ -< l £ 9 A + 
(A_ -<ff A_|_). We will in general not distinguish between L and L c and call both L. In the case 
when A_ = 0, i.e. when A + has a Lagrangian (an exact Lagrangian) filling, we write -< l £ g A + 
(0^fA+). 

From now on we assume that all Lagrangian cobordisms in the symplectization of M 2n+1 are 
orientable. 

Our goal is to prove the following result: 

Proposition 1.2. Let A_,A + be two closed, orientable Legendrian submanifolds o/R 2n+1 . If 
A_ -<^ 9 A_|_, then there exists a Lagrangian cobordism EgmL such that SgmA_ -<^ mI EsmA + . 
In addition, if A- -<!ff A + , then there exists an exact Lagrangian cobordism E^mL such that 

S 5 mA_ -<ff grai Es>mA + . 

We then use the fact about the relation between the linearized Legendrian contact cohomology 
of a Legendrian submanifold of M 2n+1 and the singular homology of its exact Lagrangian filling 
described by Ekholm in and prove the following: 

Proposition 1.3. Let A_ and A + be two closed, orientable Legendrian submanifolds ofM. 2n+1 such 
that -<f A A_ and A_ -<f A + with dim(i?j(L; Z 2 )) > dim(ifj(A_; Z 2 )) for some i. Then 

(1) A_ w not Legendrian isotopic to A + , 

(2) E S i fe . . . EgtjA- Z5 not Legendrian isotopic to E 5lfc ... T, S z 1 A + for h, . . . ,ik > i, where i is 
the smallest number such that dim(i/j(L; Zg)) > dim(i/j(A_; Z2)). 

In Section [6] we say a few words about the way to get a variant of Proposition 11.31 using the 
theory of generating families. For the basic definitions of this theory we refer to [|T8l . 

We apply Propo sitions 11.21 and 1 1 . 3 1 to a certain family of Legendrian knots and get the following 
theorem: 

Theorem 1.4. There are infinitely many pairs of exact Lagrangian cobordant and not pairwise 
Legendrian isotopic Legendrian S 1 x S 11 x • • ■ x S tk in M 2 (E J= i i J + 1 )+ 1 w hich have the same 
classical invariants if one ofij 's is odd. 

2. Construction 

In this section we define a notion of front S m - spinning. It is a natural generalization of the front 
S^-spinning invented by Ekholm, Etnyre and Sullivan in [|9]|. 

Let A be a closed, orientable Legendrian submanifold of M 2n+1 parameterized by / A : A — y 
R 2n+1 with 



/a(p) = (xi(p),yiip),---,x n (p),y n (p),z(p)) 
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for p G A. Without loss of generality assume that X\(jp) > for all p. The front projection of A is 
parameterized by Tl F o f A and 

H-f° Ja(p) = (x 1 (p),x 2 (p),. . .,x n (p),z(p)). 

We embed W n+1 into R«+ m + 1 via 

{x\i ■ ■ ■ , x n , z) y (x^ m -\-\ 0, . . . , xq 0, Xi, . . . , x ni z) 

and define S^m A to be the Legendrian submanifold of ]R 2 ( m + n )+ 1 whose front projection ^(E^m A) 
is parameterized by 

(x_ m+ i(p,0,0), . . .,x 1 (p,0,^),x 2 (p), ■ ■ .,x n (p),z(p)), 

where 



(2.1) 



x- m+ i (p, 0, 0) = xi (p) sin sin fa . . . sin <p m -i, 
x_ m+2 (p, 9,(f)) = xi (p) cos sin 0i . . . sin m _i , 



Xi(p, 0, 0) = Xi(p) COS0, 



m—1 j 



G [0, 2tt) and = (0i, . . . , m _i) G [0, tt]™- 1 . 

We now show the way to parametrize S S mA. Consider a submanifold A C ]R 2 ( n + m )+ 1 parame- 
terized by / A : A x S m ->■ R 2 ("+™)+i with 

h(Vi0,4>) = (x_ m +i(p,0,0),2/_ m+ i(p,0,0) • • • ,xi(p,0,^),yi(p,0,0),a;2(p), • -.,z(p)), 
where 

y_ m+ i (p, 0,0) = ?/! (p) sin sin 0i . . . sin m _ x , 
y- m +2(p,9, 0) = 2/i (p) cos sin 0i . . .sin0 m _i, 



(2.2) 



t/i(p,0, 0) = 2/1 (p) cos0 



m— 1 j 



G [0, 2tt), = (0i, ... , m _i) G [0, n] rn 1 and z/s are defined as above. 
It is easy to see that 

n n 

(2.3) fl(dz - ^ Vi dx i) = dz (p) -^2yi(p)dxi(p) 

i=—m+l i=2 

— j/i(p)(sin 2 m _i(. . . (sin 2 0i(sin 2 + cos 2 0) + cos 2 0i) + ...) + cos 2 (j) m ~i)dx\{p) 

— yi(p)a;i(p)(sin cos — sin cos 0) sin 2 0i . . . sin 2 m _i(i0 

— yi(p)xi(p)((sin 2 + cos 2 0) sin X cos 0i — sin X cos 0i) sin 2 2 ■ ■ ■ sin 2 m _id0i 

— ?/i(p)xi(p)((. • • ((sin 2 + cos 2 0) sin 2 0i + cos 2 0i) . . . 

+ cos 2 m _ 2 ) sin m _i cos m _i - sin m __i cos m _i)<Z0 m _i. 

Since A is a Legendrian submanifold of M 2n+1 and hence fX{dz — J2i=i Ui dx i) = 0, we use 
Formula [23] and get that 
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(2.4) f* A (dz- Vi dx i) = °- 

i=—m+l 

Since 

/a(p) = (xi(p), ■ ■ .,y n (p),z(p)), 

where p G A, is a parametrization of an embedded n-dimensional submanifold and xi (p) > for 
all p E A, we easily see that 

(2-5) / A (p, 0,0) = (5_ m+ i (p, 0, 0) , y-m+i (p, 0, 0) . . . , Xi (p, 0, 0) , y~i (p, 0, 0) , x 2 (p) , • • ■ , z(p) ) 

with G [0, 2tc), = (0i, . . . , 4> m -i) G [0, 7r] m_1 is a parametrization of an embedded (n + Tri- 
dimensional submanifold. Thus we use Formula 12.41 and get that A is an embedded Legendrian 
submanifold of R 2 ( n + m )+ 1 whose front projection coincides with IIf(Es"»A). Hence A = S 5 mA. 

3. Proof of Proposition [L2J 

Here we prove Proposition [L2]by mimicing the proof of Proposition 1.5 from 10311 . 
Given two closed, orientable Legendrian submanifolds A_, A + C M 2n+1 such that 

(3.1) A± C {(xi, yi, . . . , x n , y n , z) G M 2n+1 | x x > 0} 
and A_ -<^ s A+. Let f L : L -)> R 2n+2 be a parametrization of L with 

(3.2) /i(p) = (t(p),x 1 (p),y 1 (p), . . .,x n (p),y n (p),z(p)), 

where p E L. Assume that xi(p) > for all p (Formula 13 . 1 1 implies that {/z,(p) | xi(p) < 0} is 
compact and hence can be translated in such a way that Xi(p) > for all p). We now construct 
a Lagrangian cobordism £ 5 mL from E S mA_ to S 5 mA + . Define S^mL to be parametrized by 

/S S ™L :IxS ra 4»X M 2(n+m)+l ^ 

/s sm L (P, 0,0) = (*(p) , Z-m+1 (P, 0,0), y-m+1 (?) ^ ^) > • • • > 5 1 (P> ^ ^) > f/1 (P> 0> 0) > X 2 (p) , • • • , *(p) ) , 

where x/s and y/s are defined by Formulas 12.11 and fl~2\ for x;'s and y^'s from Formula [3T2l p E L, 
G [0, 2tt) and = (0a, ... , m _ x ) G [0, vr]™- 1 . 

Here we show that S^mL is a Lagrangian cobordism from Eg™ A_ to £smA + . We first note that 
fa S mL(L x S™) n {t = t } for t ^ T L (or t < -T£) can be parametrized by / SsmA+ (p, 0, 0) (or 
/s S mA_ (p, 0, 0)) for Js S mA ± (p, 0, 0) from Formula[23J where p G A + C <9L C (or p G A_ C <9L C ), 
G [0, 27r) and = (0i, . . . , TO _i) G [0, 7r] m_1 . In addition, from the fact that L c is compact it 
follows that Y> S mL c is also compact. It remains to prove that the cobordism Y> S ™L is an embedded 
Lagrangian cobordism. 
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Observe that 

n 

(33) fi smL {d{e\dz- Vi dx i))) 

i=—m+l 

n n 

= e\dt(p) A dz{p) - ^dy^p) A dx^p) - ^^y^dtip) A dx { (p) 

i=2 i=2 

— (. . . ((sin 2 9 + cos 2 9) sin 2 (pi + cos 2 (pi) ■ ■ ■ + cos 2 (p m -i)dyi(p) A o?xi(p) 

— (. . . ((sin 2 9 + cos 2 #) sin 2 (pi + cos 2 0i) • • • + cos 2 (p m -i)yi(p)dt(p) A dx\{p) 

— ((... ((sin 2 # + cos 2 6*) sin 2 (pi + cos 2 0i) • • • + cos 2 (pi-x) sin 0j cos (pi 

— sin 0j cos (pi) sin 2 . . . sin 2 (p m -\y\{v)d(pi A dxi(p) 

— ((... ((sin 2 9 + cos 2 9) sin 2 X + cos 2 (pi) ■ ■ ■ + cos 2 </>i_i) sin ^ cos (pi 

— sin 0j cos (pi) sin 2 . . . sin 2 (p m -\Xi{p)dyi(p) A d(p { 

— ((... ((sin 2 9 + cos 2 9) sin 2 X + cos 2 <pi) ■ ■ • + cos 2 sin 0j cos (pi 

— sin 0j cos (pi) sin 2 ... sin (pj cos 0j . . . sin 2 (p m _ix 1 (p)yi(p)d(pi A d<^,- 

— (sin 6 1 cos 9 — sin 6* cos 9) sin 2 . . . sin 2 (p m _iXi(p)yi(p)dt(p) A <i# 

— (. . . ((sin 2 9 + cos 2 #) sin 2 (pi + cos 2 0i) . . . ) sin 2 </> m _2 

+ cos 2 m _ 2 - l)sm0 m _i cos (p m -iy 1 (p)xi(p)dt(p) A d<p m -i)- 
In addition, since L is a Lagrangian cobordism and hence 

n n 

e l {dt{p) A efz(p) - A dxiip) - yi{p)dt(p) A dxi(p)) 

= e*(d?/i(p) A (ixi(p) + yi{p)dt(p) A <£ci(p)), 
we use Formula [331 and get that 

(3.4) /^zK^- £ W dxi))) = 0. 

i=— m+l 

Since 

/i(p) = (t(p),zi(p),2fr(p),---,&n(p),2/n(p),3(p)), 
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where p G L, is a parametrization of an embedded (n + 1) -dimensional cobordism and x±(p) > 
for pei, one easily sees that 

h S m L (p,0,~(f>) = (t(p) , £- m +i (p, 0,0), y_ m+1 (p, 0, 0) , . . . , xi (p, 9, 0) , jfi (p, 9, 4>) , x 2 (p) , . . . , z{p)) . 

where p E L, 6 £ [0, 2n) and = (0x, . . . , m _i) G [0, 7r] m_1 , is a parametrization of an embed- 
ded (n + m + 1) -dimensional cobordism. Thus we use Formula [341 and get that S S mL is really an 
embedded Lagrangian cobordism from SgmA_ to SgmA + . 

We now assume that A_ -<f A + . Then there exists a function /i L G C°°(fi(L), R) such that 

n 

<f/i_L = e*(cfe — y%dxj). 
i=i 

We use a calculation similar to Formula [2731 and get that 

n n 

(3-5) f^ 3mL ^{dz - £ j/^)) = e t(p) (^(p) - E ^(P)^(P))- 



i=—m+l i=l 



Since / SsmL is an embedding, we can define /i SsmL G C7 00 (/ S5mL (S S mL), R) by setting 
We now use Formula [3751 and get that 

n n 

(3.6) d(f^ smL h smL ) = e^(dz(p) -J2y t (p)dx t (p)) = f^e^dz - £ t/^)). 
fY. S mL is an embedding and hence Formula [3761 implie s that 

n 

d(hj; srnL ) = e\dz - ^2 Vidxi). 

i=—m+l 

Hence S^mL is an exact Lagrangian cobordism. This finishes the proof of Proposition 1 1.21 

Note that the proof of Proposition 1 1 . 21 can be easily modified to become a proof of the following 
remark: 

Remark 3.1. Given a closed, orientable Legendrian submanifold A C R 2n+1 . If ~^^f A (0 -< e £ A 
A), then there exists a Lagrangian (an exact Lagrangian) filling Ls Qm A such that -< l j 9 S^mA 

(0^ SgmA). 

4. Proof of Proposition [L3J 

Let A_ and A + be two closed, orientable Legendrian submanifolds of R 2n+1 with -< L ^ A_, 
A_ -<f A+ and 

(4.1) dim(F i (L; Z 2 )) > dim(i^,(A_; Z 2 )) 

for some z. 



8 



ROMAN GOLOVKO 



We first construct an exact Lagrangian filling of A + . Since A_ is connected, and L, L A _ are 
exact Lagrangian cobordisms in the symplectization of M 2n+1 , we glue the positive end of L A _ to 
the negative end of L and get an exact Lagrangian filling L A+ of A + . 

Consider the Mayer- Vietoris long exact sequence for L A , L and L A+ 

(4.2) y tf;(A_; Z 2 ) -> H^L; Z 2 ) © H i {L A _;Z 2 ) A //;(L A+ ;Z 2 ) 

From Formulas 14.11 and 1431 it follows that 

dim(i7 i (L A+ ; Z 2 )) > dim($( J f/ i (L; Z 2 ) © H t {L A _;Z 2 ))) 

> dim(H i (L A _;Z 2 )) + dim(// 4 (L; Z 2 )) - dim(fT f (A_; Z 2 )) 
>dim(J2 f (L A _;Z 2 )). 

Hence we get that 

(4.3) dim(Hi(L A+ ; Z 2 )) > dim(^(L A _; Z 2 )). 

We now define the following notations. If A is a closed, orientable Legendrian submanifolds of 
M 2n+1 , then we denote by £(A) the set of all embedded exact Lagrangian fillings of A and 

U 9 A eom ■= {(dim(If i (LA;Z2)))i : L A e £(A)}. 

Here we remind the reader of the following fact described by Ekholm in Q, which comes from 
certain observations of Seidel in wrapped Floer homology (CD, lfl4l : 

Fact 4.1 ([7]). Let Abe a closed, orientable Legendrian submanifold ofM? n+1 and -<f^ A. T/zen 

^(L A ;Z 2 )~LC//r i+2 (A). 
//ere e is the augmentation induced by L A . 

The definition of the augmentation induced by an exact Lagrangian filling can be found in Sec- 
tion 3 of [6]. Observe that Ekholm in Q provided a fairly complete sketch of proof of Fact |4~T] 
In addition, Fact 14. II will follow from the result which connects Legendrian contact homology and 
wrapped Floer homology for Legendrian knots in M 3 , see [fTTI (the proof is based on the gradient 
flow trees technique and the result can be extended to higher dimensions). From Fact 14. II and the 
fact that Legendrian isotopy implies that there exists an exact Lagrangian cylinder, see Proposition 
1.4 in [15], it follows that T-L A om is a Legendrian invariant. 

Note that Formula 14.31 holds for every exact Lagrangian filling L A+ of A + obtained by gluing 
the positive end of an exact Lagrangian filling L A _ to the negative end of L. 

Since A_ is chord generic, every linearized Legendrian contact cohomology differential graded 
complex of A_ has the same (finite) number of generators. Therefore using that -< e £ A_ and 

FactOwe get that there is L A ^ X e £(A_) such that 

(4.4) dim(//,(Lr x ; Z 2 )) > dim(//,(L A _; Z 2 )) 

for all L A E £(A_). Then we construct L A P which is an exact Lagrangian cobordism obtained 
by gluing the positive end of L A ax to the negative end of L. Formulas 14.31 and |4~4l imply that 

dim(// 4 (L A e + p ;Z 2 )) > dim(H t (Lr_ x ;Z 2 )) 
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and hence Uf ' om ^ Uf° m . Thus A_ is not Legendrian isotopic to A+. 

Consider E 5 i fc . . . E sn L and S 5 i fc . . . S S i 1 A_, where i 1: . . . , i k > i and i is the smallest number 
such that dim(Hi(L; Z 2 )) > dim(Hi(A^; Z 2 )). Observe that H S i k . . . E^L is diffeomorphic to 
L x S h x • • ■ x S ik and S 5 , fc . . . S 5n A_ is diffeomorphic to A_ x S h x • • ■ x Hence 

(4.5) Hi(T, S i k . . . Ti S nL; Z 2 ) ~ H i (T ls i k _ 1 . . . T, S i 1 L; Z 2 ) © Hi-i k , 0(^5^—1 • • • EgnL; Z 2 ) 

~ Hi(L\ Z 2 ) © H^ iu (L; Z 2 ) © ■ ■ ■ © tf^, (£g*-i • • • S 5n L; Z 2 ) ~ ^(L; Z 2 ) © Z 2 , 

where 



Hi-u, o( • ; ^2) 



H i ~i j (-;Z 2 ), ifi-ij>0; 
0, if i - ij < 



and / is the number of j's such that ij = i. Similarly, we see that 

(4.6) Htpsit . . . E 5n A_; Z 2 ) ~ tf*(A_; Z 2 ) © Z 2 , 

where / is the number of j's such that ij = i. Observe that here we use that A_ and L are connected. 
Formulas |4J] S3] and [43] imply that 

(4.7) dim^E^ . . . E^L; Z 2 )) = dim(if i (L; Z 2 )) + Z > dim(if»(A_; Z 2 )) + / 

= dim(Hi(E S i k . . . E 5 n A_; Z 2 )). 

Observe that from the proof of Proposition 1 1.21 it follows that 

^5 ,; fc • • • E5nA_ -<s X sifc ...S gil L ^Vfc • • • ^5nA+. 

We now take a chord generic representative (S 5 i fc . . . E ^ A±) gen in the Legendrian isotopy class 
of E 5 a fe . . . Eg»iA±. Note that from the proof of Proposition 1.4 in |[T5l it follows that there are ex- 



act Lagrangian cobordisms L^ slk "^sn ± am f rom EgiiA± to (S 5 i fc . . . E^ A ± ) 9e „ and 

S l k "' 5*1 

-^(s * s 1 A±) 9e „ fi* om (Egife . . . E 5 h A±) gen to E 5 » fc . . . EgnA-t that are diffeomorphic to R x 

(S i ...£ j A_) en 

E 5 i fc ... EgnA±. Hence we use the fact that -<ff . ... s . La E 5 i fc . . . E 5 nA_, glueL s ^ fc " s ^ n A _ se " 
toS yt . ..E 5n L A _ along E 5 * fc .. .E 5 nA_ and get L( Egifc ... Sgil A_) ge „ which isan exact Lagrangian 

filling of (E S i fe . . . E 5 i 1 A_) !?e „. In addition, if we glue E 5 * fc . . . E 5n L to L^ h "' £ n A _) gen along 

E 5 i fc . . . E 5 i! A_ and to L^ £ ^ k "^ £ C 1 ^'^ 9en along E 5 i fe . . . Eg^A+j then we get an exact Lagrangian 

cobordism L^f*. h 's^a^)^ f" rom (^s** • • • £snA-) fle n to (S 5 i fe . . . E 5 i 1 A + ) 9ert which is diffeo- 
morphic to T, S i k . . . EgnL. From Formula 1477] it follows that 

dim(^(Lgf :^;^ + j s ;jZ 2 )) > dim(i? i ((E^ ...E sil A_) flen ;Z 2 )). 

Hence the first part of Proposition 11.31 implies that (E 5 i fc . . . E 5 i 1 A_) gen is not Legendrian isotopic 
to (E 5 i fe . . . T, S i 1 A + ) gen . Therefore E 5 i fc . . . E g i 1 A_ is not Legendrian isotopic to E S i fc . . . E S h A+. 
This finishes the proof of Proposition ! 1 .31 
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5. Proof of Theorem II .41 

We first proof the following simple lemma: 

Lemma 5.1. Let Abe a closed, orientable Legendrian submanifold ofM? n+l such that -iff A. 
Then £5™ A has 

(1) the topological type ofAx S m , 

(2) the rotation class o/S^mA is determined by the rotation class of A, and 

(3) the Thurston-Bennequin number 



tb(H mA) = { 2 ( _1 )™^( A )' if mis even; 

[ 0, if m is odd. 



Proof. We first observe that (1) and (2) are straightforward and follow from the construction of 
E^mA. Then we prove (3). Note that L Ssm A := T, sm L A is diffeomorphic to L\ x S m . Hence we 
get 

2%(La), if m is even; 



(5.1) x(L EsmA ) = X (La x S m ) = X (L A )x(S m ) 
We now recall that 

(5.2) tb(A) = 

see Remark 3.5 in lfl5l . Formulas 15.11 and 1531 imply that 

L x(L SsmA ), if m are even 



0, if m is odd. 

(— 1)^ +1 x(La), if n is even; 

(n— 2)(n— 1) , 1 

(— 1) 2 +1 x(La), if n is odd, 




p. -5J 10^5™^^;=^ (_i) 5^ x{Ls sm A), if n is odd, m is even; 

if m is odd; 

tb(A), if m is even; 
if m is odd. 



□ 



Let T 2 k+i be the Legendrian torus knot whose Lagrangian projection is in FigureCQwith rotation 
number r{T 2 k+i) = for k > 1. Note that T 2 k+i admits an exact Lagrangian filling for every 
k > 1. 

One gets an exact Lagrangian filling of T 2fc+ i by gluing the "basic" exact Lagrangian cobordisms 
constructed in ifTTI . i.e., the cobordisms which correspond to Legendrian isotopy, 0-resolution at a 
contractible crossing in the Lagrangian projection (see Figure© and capping off a tb = —1 unknot 
with a disk. Observe that one can construct the cobordism which corresponds to 0-resolution at a 
contractible crossing using the model from Section 3.3 in lfT6l . In addition, the cobordism which 
corresponds to Legendrian isotopy has been constructed by Chantraine in |@]|. 

Recall that T 2 ,+i -< ex 2k+1 T 2 k+\ for k > j, see the proof of Proposition 1.6 in 03]. It is easy to 

L 2j + 1 

see that tb{T 2k+ i) = 2k — 1. We use Theorem 1.2 from 01 and get that 

(5.4) 2(k - j) = tb(T 2k+l ) - tb(T 2j+1 ) = -x(L%Xl) = 2g(L 2 2 )X l l )- 
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Figure 1 . The knot T 2k +i, cf Figure 13 in 0. 



Therefore L 2 ^ 1 is a twice punctured genus g(L 2 ^ 1 ) = k — j oriented surface. Hence we see that 

dim( J ff 1 (L*+ 1 1 ; Z 2 )) = 2(fc - j) + 1 > 1 = dim(if 1 (T 2i+1 ; Z 2 )) 

for > j. 

We then apply Propositions 11.21 and 11.31 and get that there are infinitely many pairs of exact 
Lagrangian cobordant and not pairwise Legendrian isotopic Legendrian S 1 x S n x ■ ■ ■ x S lk in 
jg>2(£ J= i*j+i)+i j n addition f rom Lemma I5TT1 it follows that the classical invariants of S* 1 x S n x 
■ ■ ■ x S lk 's agree if one of ifs is odd. This finishes the proof of Theorem 1 1.41 

6. Alternative approach 

One can use generating family cohomology (over Z 2 ) instead of linearized Legendrian contact 
cohomology to prove a variant of Proposition 11.31 (for the basic definitions of the theory of gener- 
ating families we refer to |[T8ll ): 

Proposition 6.1. Let A_ and A + be two closed, orientable Legendrian submanifolds of J X (M) 
such that A_, A_ -< l £ 9 A + and dim(ifj(L; Z 2 )) > dim(i/j(A_; Z 2 )) for some i. In 

addition, assume that L\_ admits a tame, compatible triple of generating families (F^ A , f^, f£_ ) 
and L is gf-compatible to A_. Then A_ is not Legendrian isotopic to A+. 

Here M is a compact manifold (or R n ) and J 1 (Af) is a 1-jet space of M. In addition, the 
property that L is gf-compatible to A_ means that for every tame generating family f\_ of A_ 
there exists a tame, compatible triple of generating families (Fx, f^_, ft) for L, where f^_ and 
/a_ are in the same equivalence class (classes are defined up to stabilizations and fiber-preserving 
diffeomorphisms; for more details we refer to |fT8ll ). 

One proves Proposition 16.11 by simply mimicing the proof of Proposition 11.31 and using the 
following observations: 



12 



ROMAN GOLOVKO 




Figure 2. The O-resolution in the Lagrangian projection. 

(i) If we glue a Lagrangian filling of A_ which admits a tame, compatible triple of gener- 
ating families (F La , fr, f£_) to L which is gf-compatible to A_ along A_, then we get a 
Lagrangian filling La + of A + which admits a tame, compatible triple of generating families 
(F La+ , fjj~, The way to glue two cobordisms which admit tame, compactible triples 
of generating families is written in IfLSl . 

(ii) Sabloff and Tray nor in [18] provide a complete proof of the analoque of Fact 14. 1[ i.e., 
they prove that GH k ( f^) ~ H k+1 (L^, A; Z 2 ) for a Lagrangian filling La of a closed, 
orientable Legendrian submanifold A with a tame, compatible triple of generating families 
(F La , f 9 , f A )- 

(iii) dim(GLf l (/ A f _)) < 2/_ for alH, where /_ is the number of Reeb chords of A_. This follows 
from the description of the critical points of the difference function, see lfl"3l . [fTTl . Hence 
for a fixed i there exists a Lagrangian filling L™ ax of A_ which admits a tame, compatible 
triple of generating families (F £ m«., f^ max , ft_ imax ) such that 

dimCfliCLr 8 ;^)) = dim(^ +1 (L^,A„;Z 2 )) = dira(GH n ~ i (fl_ max )) 
> dim(GH n -\f+_)) = dim(^(L A _;Z 2 )) 

for every Lagrangian filling La_ of A_ which admits a tame, compatible triple of generat- 
ing families (F La _ , f % ,//_). 

Remark 6.2. Observe that Bourgeois, Sabloff and Traynor in [3] prove that the operation of "stan- 
dard" Lagrangian handle attachment can be realized as a Lagrangian cobordism which is gf- 
compatible to its negative end. Hence every Lagrangian cobordism obtained by gluing Lagrangian 
cobordisms which correspond to "standard" Lagrangian handle attachments is also gf-compatible 
to its negative end. 
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